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Difference equations with delays 
depending on time 
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Abstract. For linear difference equations with coefficients and delays varying in time, 
sufficient conditions are given, in the scalar ease, the zero solution to be stable. 

1. Introduction 

An important class of differential equations of neutral type, are the equations: 
d 
--~Dxt = f(t ,  zt) (1.1) 

where D is a linear difference operator. 

In studying stability and asymptotic behavior of the solutions of (1.1), the 

major difficulty is related to the properties of the difference operator associated 
N 

D ~  = ~,~(o) - } 2  A ~ ( - ~ k )  (1.2) 
k = l  

The importance of the difference operator associated to the differential equa- 

tions of neutral type, was initially studied by Cruz and Hale [4] and Hale [6]. 

In the last years, Cruz and Hale [4] Henry [8], Silkowskii [10], Melvin [9], 

Tsen [11]; Avellar and Hale [1], have been studying stability and asymptotic 

behavior of solutions of difference equation of the type 
N 

z(t) = ~ A ~ z ( t -  r~) (1.3) 
k = l  

w i t h x E R  n , A k a n n x n m a t r i x , a n d 0 < r k  < r ,  f o r k : l , . . . , N .  

In the applications, the coefficients Ak and the delays r~ are not 1 known and 

we must allow them to vary in some set. 
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In the scalar case, Melvin [9] showed that a necessary and sufficient condition 

for stability of (1.3) is ~ = 1  IAkl < 1, Ak ~ R. Silkowskii [10] extended this 

result to the matrix case. 

In this paper, we take the coefficients Ak and the delays rk in (1.3) varying 

in time, that is, we consider the system: 
N 

z(t) = ~ A k ( t ) x ( t -  rj,(t)); t > 0 (1.4) 
k = l  

xCt) = - r  < t < 0 

and by using a result of Banal, Hajnosz and Wedrychowicz [2], we prove the 

following: 

Theorem A. For the system (1.4), let's consider: rk: [0, +co)  ---+ [0 ,+co)  

; Ak : [0 ,+co)  --+ R: real continuous functions, A~(0) = Ak, rk(0) = rk, 

O < rk < r; rk(t) < t + rk, t > O, k =  l , . . .  , N ,  and let 

[ max{rk( t ) , k  = 1 , . . .  , N } ,  t > 0; r(t) I r = m a x { r k ,  k : l , . . . , N } ,  - r < t < O ;  

Suppose that: 

(i) sup{EkN:l [Aj,(t)l} < 1; 
t>0  

(ii) t h m o o ( t  - r ( t ) )  = + c o .  

Then, for every ~b E C( [ - r , 0 ] ,  R), ~b(0) = E ~ = I  Ak~b(-rk), system (1.4) has 

a unique solution ~t, with ~t(t) --+ 0 as t --. +co. 

We also give an example showing that in R 9-, the theorem is not valid even 

for the case of periodic delays. 

2. Some  notat ions  and a fundamenta l  theorem 

Let (B, ]] ]]) be a given Banach space. Let us use the following notation: 

mE is the family of all non-empty and bounded subsets of E; 

RE is the family of all non-empty and relatively compact subsets of E. 

Let p(t) be a given function defined and continuous on [-% +co)  with real 

positive values, r E R. 

Denote by Cp = C ( [ - r ,  +co);  p(t)) the set of all real continuous functions 
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defined on I - r ,  +oo), such that sup{Iz(t)lp(t): t > - r }  < +oo. 

Cp is a real Banach space with respect to the norm 

Ilzll = suP{Iz(t)lp(t):t > - r } .  

Next, for an arbitrary x 6 Cp ,X  6 rncp,T > 0,e  > 0, let us denote: 

wT(z,e) = suP{lz(t)p(t ) -- z(s)p(s)l:t ,s e [ - r , T ] ,  {t - s{ < ~} 

= 6 X} 
Wor(X) = l i m w r ( X , e )  

r 

a,o(X) = lim a2 T (X) 
T---* oo 

a(X)  = lira sup{suP{Iz(t)la(t): t >__ T}} 
T-*co z6X 

b(X) = lira sup{sup[lzCt)p(t ) - ~(8)p(8)1:t,8 >_ T]} 
T--~ oo zEX 

=  o(X) + a(x)  

. ( x )  =  o(X) + b(x) 

The functions I~o(X) and ~(X)  are the sublinear measures of non-compact- 

ness in the space Cp, see [3]. 

The theorem we will state now is a modified version of the Darbo Fixed Point 

Theorem (see Banal, Hajnosz and Wedrychowicz [2]), and it is of fundamental 

importance to the proof of our Theorem A. 

Theorem 1. Let C be a non-empty, bounded, convex and closed subset of a 

Banach space E. Suppose T: C ~ C is a i~-contraction. Then, T has at least 

onejixedpoint in C and the set F i x T  = {z 6 C: T z  = z} belongs to Ker#.  

We will also state a result due to Silkowskii [10] related to the stability of the 

zero solution of equation (1.3). 

Theorem 2. A necessary and sufficient condition for the zero solution of (1.3) 
to be stable globally in the delays is that: 

N 

7o(A) = s u p { 7 ( ~  A~eiek): Ok 6 [0,2~r], k = 1 , . . .  ,N}  < 1 
k = l  

where ~( B) is the spectral of the matrix B. 
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3. Proof  of Theorem A. Let 

where 
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M = (y  c= CH([--r ,+oo),  R): y(t) = lk(t), . r  < t < O} 

c ~ ( [ - ~ ,  +oo), R) = {~ e c ( [ -~ ,  +oo),R): 

t > 0  

and F:  M ~ M is the map given by: 

/g  

(Fp)( t )  = ~ a t ( t ) y ( t -  rk(t)); 
k = l  

(Fy )Ct )  = yCt); -~  < t < o 

Ilyll ~ ~ / }  

So, 

y( t  - rk( t ) )  = ~Ct - rkCt)) e x p ( t  - rkCt) - rCt - ~kCt))) ,  

and the system (1.4) is equivalent to 

N 

x(t)  = ~ ak(t)exp[rCt ) - r k C  t) - r(t  - rkCt))lz(t- rkCt)); t _> o 
k = l  

x(t) = exp(r(O) - t)~b(t); - r  < t < 0 

Let Up = C ( [ - r ,  +c~),p( t ) )  with p(t) : exp(t  - r( t))  and 

~ r  = {z ~ Up: z(t)  = expCr(O) - t)~bCt);-r < t < 0}, 

N 

and let F be the map defined in M by: 

N 

(Fx) ( t )  = ~ ak( t )exp[r( t )  - rk(t) - r(t  - rk(t))]x(t  - r~(t)); t  > 0 
k = l  

, , , , f F x ) t t ) = x ( t ) ; - r < t < 0  

(3.1) 

v(t) = ' z ( t ) e x p ( t  - r(t)). 

First, we make the change of variables: 

It is easy to check that F is a contraction so, by the Banach Fixed Point 

Theorem, the system (1.4) has a unique solution. To prove stability, we will use 

the techniques used by Banal, Hajnosz and Wedrychowicz [2]. 
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For all z E M and t > 0, we have 

I ( ~ ) ( t ) l  exp( t  - r ( t ) )  = 

= ( ak ( t ) exp[r ( t )  -- r~(t) -- rCt -- rkCt))]zCt -- rk(t))  expCt - r ( t ) ) )  

N 

: t k ~ = l a k ( t ) e x p [ t - - r k ( t ) - - r ( t - - r k ( t ) ) ] z ( t  - rk(t))l  --< 

N 

sup{ lak(t)l}ll~:ll 
t > 0  = 

55 

n m ~  

As suptE~ '=x I~k(t)l} < 1 and ( T z ) ( t )  = z ( t ) ; - r  < t < 0, we have: 
t > 0  

IIF~II < II~ll,V~ ~ .~ 

N 

So, F maps M into itself and transforms the ball K = K(0 ,  8) into itself, 

v8 ~ (o, +~).  

In a similar way, we obtain 

IIFx - Fyll < IIx- ull; vx, y e K .  (3.2) 

Therefore, F is continuous in K.  

Now, for X c K, fixed, z E X,  T > 0, t > T, 

I(Fx)(t)lexp(t- r(t)) = 

= ~ akCt)exp[t  - r~Ct ) - rCt - rkCt))]xCt - rkCt)) < 

N 

_< sup{~--~ lak(t)l}sup(lz(t)lexp(t - r ( t ) ) : t  > in f  (s  - r ( s ) ) }  
t 0 k = l  - -  s> /P  

So, 
N 

a(FX) < s u p ( ~  lak(t)l}~CX) VX c K, 
t>O k = l  

fixed. 

Now, let us take e > 0 , T  

(3.3) 

> 0, t , s  E (0 ,T)  such that I t - s l  < e and 
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~ o ( t )  = t - r k ( t )  - rCt - r ~ ( t ) ) .  

I(Fz)Ct) exp(t  - r(t)) - (Fx ) ( s )  exp(s  - r(s))l  = 

k=l  N ] = ~ ak(t)exp(io(t))z(t--rk(t))- k~=lak(s)exp(IP(s))x(s--rk(s)) <_ 
N 

_< sup{y~ lak(t)]}sup{lA(t) - B(s)[: t , s  e (O,T), I t -  s[ <_ r} 
t>O k=l  

where 

So, 

A(t) = e x p ( t  - r(t))xCt); 
B(s) = e x p C s  - r(s))xCs), and 
r = s u p { ] ( t - r ( t ) ) -  (s-r(s))l , t ,  sE ( 0 , T ) , l t  - s[ < e } .  

N 

w~o ( F X )  < s u p ( ~  I~k(t)l},.o ~(x), 
t>0 k=l  

fixed. 

Combining (3.3) and (3.4), we obtain: 

N 

Izo(FX) <_ s u p { ~  lak( t ) l}uo(X) ,  
t_>0 k=l  

VX c K ,  (3.4) 

VX C K,  

fixed, which means that F is a /~o-Contraction, and by Theorem 1, the system 

(3.1) has a fixed point x in Cp, and l im x(t)p( t )  = O. 
t--*+oo 

But, z ( t )  = e x p [ - ( t  - r(t))]v(t) ,  and so lira y(t)  = 0. 
t~-t-oo 

4. Matrix  case 

Consider the system 

x(t) = Axz ( t  - rl) + A2x( t  - r2) ; t  > 0 

�9 ( t )  = ~ ( t ) ; - a  < t < o 

where x = z2 _ _ _  

3 
r l  > 0, r2 > 0, a = m a x { r l ,  r2}. 

(4.1) 

, r  R, 

It is easily checked that, the zero solution of (4.1) is stable globally in the 

delays according by Theorem 2. 
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Consider now, rl = rl(t) ,  r2 = r2(t), continuous periodic functions with 

period 3, such that: 

r1(0)=1, r x ( 1 ) = 3 ,  r 1 ( 2 ) = 3 ,  

r2(0)=2, r 2 ( 1 ) = 1 ,  r z ( 2 ) = l ,  

and consider the system: 

z(t)  = a l z ( t  rx(t)) + A ~ z ( t  - r~(t)); t _> 0 

z ( t )  = ~o(t); t ~ [ -2 ,0]  (4.2) 

Now, observe that: 
: ~ ( - 1 )  = ~ ;  

4 
z(0) = ~el;  

14 
z(1) = ---~-e2; 

10 
�9 (2) = - ~ i e l ;  

104 
z(3)  - - - e x ;  

81 
460 

~(4) = ~ - g ~ .  

Geometrically, we have the following situation in the phase space. 

x 2 

t , 4  

t=9  t=3t=3 \ \ J t = - l t - - . ~ / /  x 1 
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By induction, we can to show that, the sequence { z ( 6 j ) } j = 0 , i  .... is such that 

x(6j ' ) -~0  as j --~ oo, and so (4.2) is not stable. 
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